Geostrophic adjustment theory predicts that wind information is a primary information source in the tropics. We ask whether this is true when variational data assimilation including a background-error constraint is applied. The question is investigated by carrying out three-and four-dimensional variational (4D-Var) data assimilation experiments with nonlinear shallow-water equations and idealized waves. The contribution to the analysis from mass and wind eld observations is contrasted to that of spectral characteristics and multivariate relationships of equatorial waves built into a background-error covariance matrix. A background-error term for the analysis is built by using the tropical eigenmodes and the observed variability is used to determine the relative weights for different modes.
INTRODUCTION
The way in which the atmosphere adjusts to equilibrium is fundamental to the proper formulation of data-assimilation schemes. A good assimilation increment should ideally correspond closely to the result of an adjustment process. For a midlatitude single geopotential or wind observation, assimilation increments are forced to obey a close geostrophic balance between the mass and the wind eld increments (e.g. Courtier et al. 1998; Gustafsson et al. 2001) . The horizontal structure of the increments largely resembles those of the adjusted states from analytical and numerical solutions of the linearized shallow-water equation on an f -plane (Barwell and Bromley 1988) . Similar solutions are more complicated for the tropics, for which there is no uni ed theoretical framework such as the quasi-geostrophic theory for midlatitudes. Besides that, there are two important effects in the tropics which are absent in f -plane solutions (Gill 1982, Chapter 11) . One is the waveguide effect, where waves are trapped near the equator. The second effect is the existence of two distinct eigenmodes, due to the change in sign of the Coriolis parameter at the equator. Equatorially trapped Kelvin waves and mixed Rossby-gravity (MRG) waves are widely observed phenomena (Wheeler and Kiladis 1999, hereafter WK99 , and references therein), excited by the latent heat release in the deep tropical convection. Depending on the equivalent depth, h 0 , and the zonal wave number, k, they have characteristics similar to either equatorial Rossby (ER) or equatorial inertia-gravity (EIG) waves.
The data assimilation problem in the tropics suffers from a lack of direct observations, especially wind observations. At the same time, wind is the crucial variable for a correct description of the tropical dynamics. This is a well-known result from classical adjustment theory (e.g. Haltiner and Williams 1980, Chapter 2) ; wind eld information is more useful than mass eld information for smaller perturbations in the horizontal and for lower latitudes. However, classical adjustment theory usually applies to a midlatitude f -plane; hence, it does not consider Kelvin and MRG waves. At the same time, Kelvin waves, together with ER waves, are successfully employed to explain some features of the large-scale tropical circulation, both stationary (Gill 1980) and transient (Heckley and Gill 1984) ; in these studies MRG and EIG waves were excluded from consideration by applying the long-wave approximation. Furthermore, Kelvin and MRG waves constitute a signi cant part of the tropical time-space variability, as found in satelliteobserved outgoing long-wave radiation (OLR) data (WK99). This information on the variability, i.e. its distribution among different tropical motion systems, can be built into the background-error covariance matrix of variational data assimilation. In data-sparse areas, such as the tropics, the assumptions built into the background-error covariances can be crucial for the analysis result.
In this study, the contribution of observations of equatorial waves is contrasted to that of their spectral characteristics and multivariate relationships built into the background-error covariance matrix. This is done by using four-dimensional variational data assimilation (4D-Var) (e.g. Le Dimet and Talagrand 1986; Talagrand and Courtier 1987) , which aims to produce balanced assimilation increments. They result from observations irregularly located in time and space, dynamics of the model equations, statistics of errors of the background eld (initial condition for the analysis) as well as statistics of the observational errors. The background term of the variational analysis for this study is developed based on ideas of Phillips (1986, hereafter P86) and Daley (1993, hereafter D93) ; that is, the normal modes of linearized shallow-water equations on the equatorial¯-plane are used to construct the forecast-error covariances. In its rst intention, this approach is suitable for the present study which aims at studying the relative importance of mass and wind observations and their relation to the dynamical information contained in background-error covariances.
In a previous study ( † Zagar et al. 2003 , hereafter † ZGK), we have investigated limits of information available only through the internal model dynamics; it was done by assimilating perfect observations of equatorial waves on the full model grid and without a background-error term. The relative usefulness of mass and wind observations was evaluated by carrying out 'identical twin' observing system simulation experiments (OSSE). Here, the OSSE approach is applied to compare the usefulness of a particular observation type to that of the a priori information. Since the background covariances will contain the exact multivariate relationships of the assimilated equatorial waves, a comparison of the two sources of information contributing to the analysis is straightforward.
An additional purpose of this study is to re-address the problem of determining useful multivariate relationships for 4D-Var in the tropics. A spherical normal mode approach was initially developed at the European Centre for Medium-Range Weather Forecasts (ECMWF) (Heckley et al. 1992) for their variational data assimilation system. It was found, however, not to work well for the tropics (Andersson et al. 1998) , where a univariate analysis was applied instead (Courtier et al. 1998) . The approach currently followed in operational implementations of variational data assimilation is close to being univariate, with the wind eld divided into balanced and unbalanced parts. The balanced part is obtained from the geopotential eld by solving the linear balance equation, while the unbalanced part is analyzed univariately. Since the linear balance equation hardly explains any of the variance of the wind eld in the tropics, the analysis there is effectively univariate (Derber and Bouttier 1999; E. Andersson 2002, personal communication) . Daley (1996) described how the application of a Rossby-Hough expansion in the tropics produces error correlations similar to those of the linear balance equation and, due to lack of observations, how this can result in fallacious analysis increments. The failure was found consistent with a weak coupling of the tropical singular-value decomposition modes, which were then suggested as an alternative means for constructing the global error covariances such that the coupling between the mass and wind disappears as the equator is approached.
Neither the failure of a previous application based on Hough modes nor Daley's paper make evident that tropical multivariate relations are useless for data assimilation. Moreover, there is clear observational evidence that tropical time and space variability due to convection can be described in terms of the equatorially trapped wave solutions of linear shallow-water theory (WK99; Wheeler et al. 2000) . Although the earlier studies did not succeed in making use of the tropical multivariate relations, more observational evidence and a growing need to improve the extended-range forecasting and re-analysis procedures suggest that the problem of building useful tropical multivariate relations into the background-error covariances is one worthy of further trials.
Global error covariances as developed in the earlier studies relied heavily on the rotational (Rossby) modes. Kelvin and MRG modes, which according to observations play an important role in tropical dynamics, are not described by the nonlinear balance equation. At the same time, they are shown effectively to reduce correlations between the wind eld and the mass eld (D93; Parrish 1988) . In this study these special tropical waves are given relative weights corresponding to observational evidence, and their effect on the analysis increments is studied in more detail than was done previously.
The main simpli cation of this study is a use of the shallow-water framework instead of a full three-dimensional (3D) equation set used in numerical weather prediction (NWP). Although this choice reduces the physical relevance of our conclusions for operational NWP models, it greatly simpli es the discussion and provides a clearer picture of processes taking place during assimilation. More details of the numerical framework are described in section 2. Section 3 presents results of single observation experiments. Results of assimilation experiments with 3D-Var are presented in section 4. In section 5 the possible improvement in the quality of the analysis solution is sought through the addition of the temporal dimension. Strictly speaking, we are doing 2D-and 3D-Var, rather than 3D-and 4D-Var, as we lack a vertical dimension. Nevertheless, we will use the latter terminology throughout the paper in order to avoid confusion. Relevance of our results for up-to-date data assimilation systems is brie y addressed in section 6, followed by the main conclusions.
THE MODEL AND THE TROPICAL BACKGROUND-ERROR COVARIANCES
(a) Numerical model framework As described in † ZGK, we utilize a spectral transform formulation using Fourier series to solve a nonlinear system of shallow-water equations for the height of the free surface and two velocity components on a limited area of the rotating sphere. The Fourier representation includes a so-called extension zone (Haugen and Machenhauer 1993) , used to make the time-dependent elds bi-periodic. An elliptic truncation
ensures a homogeneous and isotropic resolution over the whole model domain. Here k and l denote zonal and meridional wave numbers, respectively. The maximal wave numbers in the zonal and meridional direction are given by N k and N l , respectively. Further items on the numerical solution technique are provided in † ZGK. The data-assimilation procedure searches for a solution which minimizes a distance (cost) function J calculated over a certain time interval with observations distributed among K different times. The distance function J is de ned as a sum of two terms:
The J b term measures the distance to a background model state. The distance to the observations is measured by J o . Vectors of observations and the model state at time p are denoted by y p and x p , respectively; the background model state is then represented by x b , and ±x D x ¡ x b is the analysis increment. The observation-error covariance matrix is denoted by R, and B is the background-error covariance matrix. The R matrix is diagonal with three different values in the diagonal, namely the variance values for the wind components, ¾ 2 u and ¾ 2 v , and the height variance, ¾ 2 h . The observation operator H is applied, in principle, to the model elds to calculate the model equivalents of the observations. In this study it is an identity operator, since observations are given as model state variables in grid points.
The minimization problem (2) is solved for a new control variable, Â , related to ±x by a transformation operator, L, and a truncation operator, S, to the subspace of Â :
This transformation, to be detailed in the following subsection, transforms B into an identity matrix in the subspace of Â , so that the minimization problem (2) is given by
Here, the pseudo-inverse Q S ¡1 of the truncation operator S consists of lling in zeros for truncated components.
Minimization of J is carried out by the M1QN3 package (Gilbert and Lemaréchal 1989) . In the present study, it applies conjugate gradient iterations to solve the minimization problem de ned by (4).
(b) Formulation of background-error covariances for the tropics The control variable, Â , is introduced in order to permit the diagonalization of B. For this purpose, a suitable transformation (3) is formulated, starting from ideas presented in P86 and D93. P86 suggested that forecast-error covariances could be generated from the normal modes of the model. The main assumption which results in a diagonal covariance matrix is that the errors in different model modes are uncorrelated. Then the variance distribution among the various modes determines the shape of the correlations. Phillips's ideas were employed in D93 for studying Kalman lter properties on the equatorial beta-plane.
Following D93, the transformation between an assimilation increment de ned in grid-point space, ±x, and Â is performed by using equatorial eigenmodes, described by a parabolic cylinder function expansion (Matsuno 1966; Gill 1982): h.x; y; t/ u.x; y; t/ v.x; y; t/ D
Here º D º.k; n; m/ is the modal index for a single equatorial eigenmode, with n representing a meridional mode number (the order of the Hermite polynomial) while the value of m de nes a wave type. Each º is associated with horizontal structure functions h º .x; y/, u º .x; y/ and v º .x; y/. As seen in (5), their zonal dependence is described by Fourier series. The meridional part is given by parabolic cylinder functions, D, which take the form
where H n is a Hermite polynomial of degree n and a e is the equatorial radius of deformation (the trapping scale) given by a e D .c=2¯/ 1=2 , where c is the phase speed and is the latitudinal gradient of the Coriolis parameter. The full expression for h º , u º and v º can be derived following, for example, Gill (1982) . The same expansion coef cients Â º .t/ are used for u, v and h because the expansion (5) is complete as .N m ; N n / go to in nity.
The structure functions used in (5) are made orthonormal by a normalization using the energy norm:
Here * denotes the conjugate operator and º and º 0 are two different modal indices.
One way to select eigenmodes included in (5) is based on the choice of a 'critical frequency', ! c , derived from the dispersion relation for the equatorial waves. Given h 0 , n and k, three roots of a cubic equation in ! de ne dispersion relations for ER and EIG modes. Frequencies of Kelvin and MRG waves depend only on k and these are often referred to as the n D ¡1 and n D 0, respectively, solutions; the eastward-moving MRG (EMRG) is graded as the n D 0 EIG wave while the westward-propagating MRG (WMRG) is treated as the n D 0 ER wave (Kasahara 1976) . The dispersion curves of equatorial waves corresponding to the few lowest meridional modes are presented in Fig. 1 . Unlike the midlatitudes, where there exists a clear gap in the frequency domain between the Rossby and inertia-gravity waves (corresponding to the deepest vertical equivalent depths), Kelvin and MRG waves in the tropics span this frequency gap and provide both a smooth transition between the above types of motion and, at the same time, cause dif culties in applying a frequency separation criterion. An intuitive choice of a critical frequency ! c appropriate for midlatitudes and based on Fig. 1 would be
However, this criterion always rejects not only all the EIG waves, but also all the EMRG waves and most of the WMRG and Kelvin waves, important for the tropical dynamics. Moreover, equivalent depths of important tropical motion systems are small so that dynamics of Rossby and inertia-gravity waves become interrelated. For example, , equatorial inertia-gravity (EIG), eastwardmoving and westward-moving mixed Rossby-gravity (EMRG and WMRG, respectively) waves. Only the lowest three meridional modes (n D 1; 2; 3) for ER and EIG modes are presented. Dashed lines (!c) correspond to the frequency criteria discussed in section 3. Zonal wave number, k, is normalized by p c=2¯, and frequency, !, is normalized by p 2c¯. Clayson et al. (2002) show that the 2-3 day convective variability in the tropical western Paci c is in uenced by propagating EIG waves whereas WK99 explain a part of the variance in the OLR data by westward-propagating EIG (WEIG) waves. Therefore, we shall modify the separation frequency criterion (7) in section 3 while investigating the sensitivity of analysis increments to the criteria for ! c . The application of the frequency criterion and the assumption of zero correlation among different modes are formulated as
The spectral variance of an eigenmode Â is given by°2 Â . For the purpose of introducing a spectral density function, a new one-dimensional wave number, K m , is de ned for the selected eigenmodes as
The parameters c 1 and c 2 are tunable constants, used to reduce the weight of n as compared to k. In this study, parameters c 1 and c 2 have values 2 and 1, respectively. The number of eigenmodes allowed by (7)- (9) is large. Maximal values for k and n, N m and N n , de ned initially in (5), correspond to the values for truncation in the zonal and the meridional directions, respectively. In order to ensure consistency with the forecast model, an elliptic truncation criterion equivalent to (1) is also applied to the eigenmodes
The spectral variance distribution, used for the assimilation experiments in the following sections, is modelled by°2
and it applies to those eigenmodes which satisfy (8)- (10). The magnitude of the total variance is de ned by 0, and`represents the horizontal scale. The parameters c 1 and c 2 , used in the de nition of K m , skew the distribution of variance. With c 1 different from c 2 , the shape of the spectra becomes anisotropic, which is not without a physical basis. Studies of atmospheric energetics based on the normal modes of the linearized primitive equations on the sphere (Kasahara 1976) indeed indicate that, with increasing n, the kinetic energy in the meridional wind decreases faster than the kinetic energy in the zonal wind for the same k. This would make the tropical correlation more elongated in the zonal direction. With these de nitions applied, the complete transformation SL can be written as
Here F ¡1 is the inverse Fourier transform to obtain assimilation increments in grid-point space, and F x is the direct Fourier transform in the zonal direction. The projection on the meridionally dependent part of the eigenmodes in grid-point space is denoted by P y , while D stands for the normalization by the spectral variance density. S summarizes in symbolic form the means of truncation, i.e. Fourier truncation, elliptic truncation and frequency cut-off, that have been discussed above. The transformation (12) is applied only within the physically meaningful model area. Initially the normal modes which satisfy (7)-(10) are de ned and the control vector is put equal to zero. During each iteration, the inverse of the sequence of transformations (12) is applied to Â in order to obtain the assimilation increment in spectral-model space. As the inverse of the meridional projection, P ¡1 y , does not operate on the extension zone, the inverse transformation includes an extra operator, E y , which produces periodic gridpoint elds u, v and h in the meridional direction, the zonal periodicity being ensured by the periodic boundary conditions. Since there are no observations in the extension zone, values of the adjoint variables are automatically equal to zero and E T y becomes a null operator.
It is the pseudo-inverse of transformation (12) which is actually used during the assimilation, when moving from the space of the control vector, Â , to the model space spanned by the increment ±x:
We call it the 'pseudo-inverse' because the notation .SL/ ¡1 is not mathematically correct (i.e. SL is not an invertible operator). It is the adjoint of the pseudo-inverse of SL, .L ¡1 Q S ¡1 / T , which is needed to evaluate the gradient of the cost function with respect to the control variable Â :
The model adjoint is explicitly contained in the last expression, since the adjoint model is applied for integrating between the successive time steps, starting from the last time step with observations included. Notice also that the gradient of J o is evaluated in the spectral space, as described in † ZGK. In our formulation, J b could become zero, if all observations would project onto the modes disregarded in (8)- (9), and the analysis problem would not be solvable. We do need to assume that some observational information projects onto the modes included. In fact, we shall create observations in such a way that this is always ensured.
(c) The model setup for the numerical experiments
The domain for the numerical experiments consists of 180 points in the x-direction, and 65 physically useful points in the y-direction. Periodic boundary conditions are applied in the zonal direction, while an extension zone of seven points is added in the meridional direction. A horizontal resolution of 1 degree latitude/longitude is used in all experiments. Assimilation experiments are performed for an equivalent depth h 0 D 25 m. Small equivalent depths are justi ed by observations of the phase velocities of equatorial waves (WK99). In addition, these equivalent depths are suitable for the model meridional lateral boundaries. Due to the selected h 0 and the waveguide effect, all motion is con ned to the inner model area.
We consider two different windows for 4D-Var, 12 and 48 hours. This is primarily to enable comparison with † ZGK, where the same window lengths were used. Another purpose of using two windows is to estimate the potential of a perfect model in 4D-Var for adjustment of different types of observations, as compared to a balancing through the background-error covariances. A 12-hour (12-h) window is selected as a typical time window used in data-assimilation systems for NWP. A longer 48-hour (48-h) window better suits the dynamics of slow equatorial waves. It has been demonstrated in † ZGK that, for the information transfer between the wind and the mass eld of equatorial waves to take place, the 4D-Var assimilation window needs to be suf ciently long, otherwise the internal model adjustment will not occur. A drawback in the case of a long window is that the linearization assumption is most likely invalid for a full NWP system. This is especially true when condensation processes, which govern the tropical dynamics to a large extent, are taking place (Mahfouf 1999) . In our shallow-water system we assume that waves are generated through some process external to the model, i.e. convection. They propagate freely in the model domain, only governed by dry equatorial dynamics.
The number of simulations allowed for solving the minimization problem is limited to 80, corresponding to 40 conjugate gradient iterations, for 3D-Var experiments. In the case of 4D-Var, 40 simulations are allowed. Otherwise, the minimization is regarded as complete if the norm of the gradient with respect to the model state vector, r Â J , is reduced by a factor of 1000. Although we permit the same number of simulations for both 12-and 48-h windows and regardless of the number of updates with observations, this does not affect the results; in all cases the convergence is fast for both height and wind data and the changes made to the solution after some ten iterations are not signi cant.
(d) Observations
Simulated observations are constructed randomly from a population that has the same statistical structure as the background-eld errors. This is achieved by using the model spectra (11). Normally distributed random numbers are generated in the controlvector space; then the transformation (13) is applied to produce the corresponding height and wind eld increments, which represent multiple wave observations. A set of height and wind elds generated in this way is propagated forward in time for a few days. This is done to ensure that the simulated elds are dynamically consistent with the nonlinear model including removal of small scale energy by horizontal diffusion. In order to evaluate the background-error variance distribution and to assign appropriate observation-error standard deviations, a randomization experiment is carried out. After choosing a value for the parameter 0, the prede ned total variance is divided among selected waves according to (11) . Then the transformation (13) is applied on an ensemble of complex control vectors, Â , generated from a Gaussian distribution of zero mean and variance one, N .0; 1/. The size of the ensemble is taken to be 500.
Observation errors are assumed to be uncorrelated and unbiased, i.e. the observation-error matrix R is a diagonal matrix. The standard deviation for each observation is taken to be equal to the average standard deviation of the background error for each variable, as obtained statistically from a sample of 500 perturbations. This is a reasonable assumption since, for example, the observation errors of radiosonde data are of the same order as the errors in a 6-hour forecast (Hollingsworth and Lönnberg 1986) .
The locations of the observations are assigned by a random-number generator within the inner model area. When adding more observations, the positions of those already included are not changed. Both 3D-and 4D-Var use a gradually increasing number of observations, starting from ve, and doubling the number up to 5120 observations homogeneously distributed over the inner model area. Assimilation experiments are carried out separately for the mass eld and the wind eld observations. In case of 3D-Var, the ef ciency of different observation sets is also compared to the solution obtained when both mass and wind observations are available at the same grid points.
In 4D-Var, observations are distributed within each assimilation window in a way presented in Fig. 2 . Twelve different experiments are carried out for each assimilation window. In the rst experiment, observations are provided at the end of the assimilation windows. In each subsequent experiment, one more time instant with observations is added, always starting from the end of the assimilation window and with an equal time separation through the whole window, one hour for the 12-h window and four hours for the 48-h assimilation window. In the case of 12 updates with observations, they are provided every hour for the 12-h window, and every four hours for the 48-h window. In neither case are observations supplied at the beginning of the assimilation window.
The common ending point of the windows is the analysis time used for a comparison. This point also coincides with the analysis time of the 3D-Var experiments. The background state in all experiments is a motionless uid of depth h 0 .
SINGLE OBSERVATION EXPERIMENTS
In this section we present and discuss various single observation experiments for wind and height information in the tropics with respect to their counterparts in the extratropics and from global NWP data assimilation systems. As will be shown, the response of a single observation is to a large extent determined by the formulation of the frequency criterion (7). The nal choice of (7) and the variance distribution (11) among the selected modes for our more extensive assimilation experiments will be based on the observational evidence presented by WK99. These observations, however, were taken from the mass eld only and it is not self-evident what variance of the wind eld corresponds to the observed mass eld variance. The modelling approach in this study is such that, having decided the variance in a single eld, the variance in the two other elds is also de ned. In other words, the utilized background constraint implies a balance between the mass eld and the wind eld increments.
(a) Correlations due to ER modes First we present single observation experiments which result from applying the background error constraint based on the model ER modes. Kelvin and MRG modes, which would be allowed by (7), are assigned zero weight. This means that increments produced will not only be balanced but also mainly rotational since the in uence of more divergent waves is excluded. The maximum of the background wind eld variance is in this case in the zonal component eld, and it is located on the equator. The meridional wind variance has a signi cantly smaller amplitude, and the maximum is located off the equator. Similarly, the maximum of the height eld variance is centred off the equator. Figure 3 presents assimilation increments of a single observation of height, zonal wind and meridional wind, respectively, at the equator. The observation error is taken somewhat smaller than the background error. A single positive height perturbation at the equator results in an assimilation increment having a structure corresponding to the lowest ER mode (Fig. 3(a) ). The maximum of the height eld increment is moved off the equator whereas a relatively strong easterly wind increment is produced at the equator. A westerly wind observation (Fig. 3(b) ) produces a negative increment in the mass eld, the structure of which is again the lowest ER mode. A height observation in Fig. 3(a) but of opposite sign would result in a very similar structure. Finally, a southerly wind observation at the equator brings a balanced assimilation increment with the mass increment further off the equator (Fig. 3(c) ). The amplitude of a balanced increment in meridional wind is much smaller than for a zonal wind observation.
To a large extent, Fig. 3 resembles analysis increments presented in Heckley et al. (1992) for an early version of the global ECMWF data assimilation system with observations located at 500 hPa, except for the southerly wind observation at the equator, which in our case produces a more rotational increment. This is due to the modelling approach in Heckley et al. (1992) , which included an assumption of relatively more divergence in B, as will be demonstrated by the next experiment. For comparison with the subtropics, the same observations are assimilated at 17 B N (not shown). In all three cases, geostrophically balanced increments are produced. The results closely resemble those of standard single observation experiments in the midlatitudes with operational global and/or limited area NWP models (e.g. Courtier et al. 1998; Gustafsson et al. 2001) . This suggests that geostrophy applies well very close to the equator, at least with regard to ER model modes.
(b) Effects of including Kelvin and MRG waves
Now we look at the change in the structure of spatial covariances when either Kelvin or MRG modes or both are included, besides ER modes, in the background-eld error spectra. In each case, the same amount of variance as in the previous experiment is divided between the modes included. The variance distribution is in any case (11), the adjusting parameter being 0. The same observations as in the previous experiment are assimilated. By applying the full constraint (7), Kelvin modes with small k and a few WMRG modes are added, in addition to ER modes, in the spectra. However, including only a few Kelvin modes produces analysis increments of unrealistic horizontal scales due to the relatively large weights given to the modes with small k. Therefore, instead of applying (7) strictly, we choose to include all Kelvin modes and/or WMRG which are allowed by (10).
In agreement with Parrish (1988) and D93, Fig. 4 illustrates how the Kelvin modes reduce the coupling between the mass eld and the zonal wind eld in the tropics. The amplitude of the balanced height-eld increment due to a zonal wind observation is reduced by a factor of 3, and it is located off the equator. At the equator, the increment is near zero or slightly positive. Since the coupling to the mass eld is reduced, the amplitude of the balanced meridional wind reduces too, while the amplitude of the zonal wind increment becomes somewhat larger. Another important change, as compared to the previous experiment, occurs for a single height observation. Including the Kelvin modes shifts a positive mass increment to the equator and, at the same time, it greatly reduces the amplitude of the balanced wind increments. Also, the structure of the increment is changed, as will be discussed in more detail in the next subsection. The addition of Kelvin modes has a negligible effect on analysis increments due to a meridional wind observation.
The presence of MRG modes in the spectra leaves increments due to the height and the zonal wind observation mainly unchanged, apart from a small change in the amplitudes. Their impact on a single meridional wind observation is illustrated in Fig. 5 (to be compared with Fig. 3(c) ). The structure of the increment is that of a MRG mode for k D 1. Compared to the experiment with only ER modes, the addition of MRG modes allows for a much greater portion of the initial wind amplitude to be retained in the analysis (a factor 2.5 in this case) while the balanced mass increment is smaller and shifted closer to the equator. The zonal scale of the increment is larger and stretched along the equator.
When both Kelvin modes and MRG modes are present, the resulting increment for a southerly wind observation has a structure even more similar to the analysis increment presented in Heckley et al. (1992) (their Fig. 2(c) ). Their experiment was designed assuming the divergent part of the global wind eld to explain about 10% of the wind eld variance. A further increase in the Kelvin mode variance at the expense of the ER mode would result in a further decrease in the coupling between the mass and the wind eld. At the same time, the wind increments are less affected by the small change in the variance distribution. Such experiments illustrate the sensitivity of the height/wind correlations close to the equator, with the sign of the mass increment shifting from mainly negative to mainly positive when equatorial Kelvin modes are given more weight. This was similarly illustrated in Heckley et al. (1992) by introducing more divergence in the analysis.
(c) Effects of EIG waves on the mass/wind coupling
In midlatitudes, fast inertia-gravity waves are not considered to be important for large-scale atmospheric processes. Accordingly, application of normal mode methods such as the nonlinear normal mode initialization (Machenhauer 1977 ) ensures removal of their detrimental effect on the NWP model forecast. In the tropics, however, the EIG modes play a more 'constructive' role in the dynamics. Following WK99, an experiment is set up such that the frequency criterion (7) is relaxed by a simple multiplication by a constant factor in order to include n D 1; 2 WEIG modes in B.
The new modes are mainly divergent. When the variance distribution is constructed approximately following the OLR observation analysis in WK99, analysis increments for single observations appear as in Fig. 6 (to be compared with Fig. 3 ). The variance is split between the ER, WEIG, both WMRG and EMRG modes and Kelvin modes. ER modes contain about 50% of the total variance, Kelvin modes and WMRG about 15% each, while EMRG and WEIG are assigned about 10% of the variance eld. The height observation increment has the structure of a Kelvin wave (Fig. 6(a) ). However, it is not a balanced Kelvin wave, because the balanced increment in the wind eld is small; more precisely, over 80% of the energy of the increment eld is potential energy. A zonal wind observation produces a height increment at the equator, which has a small positive amplitude; the potential energy of the increment eld is only about 3% (Fig. 6(b) ). It is similar in the case of a southerly wind observation (Fig. 6(c) ). The variance distribution implemented in this experiment is used in the assimilation experiments in the following sections. It can be also noticed in Fig. 6 that the increment elds due to a single height observation are isotropic while the increments due to wind observations are not. (d ) A comparison with 3D NWP models Although the presented results are from a shallow-water model, it is worthwhile comparing them with single observations from NWP models. In spite of a vast literature, single observation experiments in the tropics are less frequently published than those for midlatitudes. Results from single temperature observation experiments with the global variational data-assimilation systems of the National Centers for Environmental Prediction and ECMWF are available in Parrish and Derber (1992) and Derber and Bouttier (1999) , respectively. The purely divergent ow in the ECMWF single 1000 hPa temperature observation experiment (Derber and Bouttier 1999) is due to the effect of surface friction, and therefore is less suitable for comparison. The analysis increments due to a single temperature observation at 850 hPa in Parrish and Derber (1992) closely resemble the result of our experiments with a strong Kelvin wave impact. As discussed in the introduction, the 3D-Var system of ECMWF utilized a univariate tropical formulation, with the wind increments mostly non-divergent (Fig. 2 in Courtier et al. 1998) . A more up-to-date result from that model is provided in Fig. 7 . It shows a single near-zonal wind observation experiment from the autumn 2002 ECMWF dataassimilation system. The structure of the increment resembles that of a Kelvin wave, in accordance with our discussion of analysis increments above and supported by the observational evidence. We present this gure as a validation of the realism of the analysis increments chosen for experiments in the following sections. 
3D-VAR EXPERIMENTS
Now we address the main question of this study: how important is wind eld information in the tropics, as compared to mass eld information? Secondly, how much information can we gain from multivariate relationships built into a background-error covariance matrix, as compared to the contribution from different observation types? The information built into the background term of the cost function (2) ensures that observation of one variable (e.g. height) produces a dynamically consistent response in the other model variables (e.g. wind). This is demonstrated in Fig. 8 in terms of the r.m.s. errors of the height, zonal wind and the meridional wind elds, shown as a function of the number of observations. First of all, this gure shows that assimilation of both wind and height observations restores the other eld, not provided by observations. However, the assimilations of the two types of observations behave differently. Height eld data reconstruct the wind eld remarkably more slowly than the wind eld assimilation does for the height eld. The assimilation of wind eld information seems suf cient for recovering both the variables; adding the mass eld information in this case makes a minor contribution to the reduction of the height r.m.s. error, and no contribution at all to the wind eld. This is not the case for the analysis of height observations. On the contrary, adding wind data to height observations contributes to the r.m.s. error reduction of the height eld as much as analysing height itself instead of the wind eld ( Fig. 8(a) ).
R.m.s. error scores of a few assimilation experiments using numerous observations and without a J b term illustrate, in addition, another important purpose of J b -the N. † ZAGAR et al. spreading of information from one point with an observation to the neighbouring points. This is clearly seen in Fig. 8 as a sharp increase of r.m.s. error when the number of observations is reduced, as well as no recovery of a non-observed eld. The assimilation degrades in this case to a simple spectral and exact t to the observations including observation errors (i.e. cost function D 0 at the minimum). It is interesting to notice that the r.m.s. error of height elds in the case with height and with both height and wind data ( Fig. 8(a) ) are not identical. This is an illustration of the uniqueness problem of data assimilation; since insuf cient information is provided in both cases and r Â J is different, the minimization procedure goes different ways in the two cases.
Comparison of the zonal and meridional wind scores indicates that the zonal component of the wind eld recovers faster. This illustrates the ltering effect of the B matrix. Since individual wind observations project stronger onto the Kelvin wave structures, the meridional wind eld information is inevitably ltered out during the assimilation. It was already seen in the single observation experiments of section 3; a meridional wind observation resulted in smaller amplitude analysis increments than a zonal wind observation, in spite of the same observation error.
A second intriguing feature of the analysis concerns the structure of the recovered height eld, illuminated in Fig. 9 . A visual comparison of Figs. 9(b) and (c) with Fig. 9(a) suggests that the assimilation of wind observations tends to recover smaller scales in the height eld compared with the assimilation of height observations alone. The phenomenon can be explained by considering the spectral response of the multivariate data assimilation and making use of Helmholtz's decomposition theorem, which states that a vector eld (wind) vanishing at in nity is completely determined by giving, everywhere, its divergence and vorticity. The application of the theorem and the assumption of non-divergent background errors lead to the different wave-number dependence of the spectral variance density for the height and the wind elds. As shown by Daley (1991, Chapter 5) , in this case the wind eld response to height observations is better than the height eld response at smaller scales, and worse at large scales. It is more dif cult to identify similar effects of the assimilation of mass and wind eld information in a complex 3D NWP model. Nevertheless, the same properties have been reported; for example, early experiments with the assimilation of satellite temperature observations (Gustafsson 1979) illustrated their inability to describe smaller scales. It can also be seen in Fig. 9 that little wind eld information is recovered by the assimilation of height observations, as suggested by the r.m.s. error in Fig. 8 . In particular, the wind curvature effect is missing, with the zonal wind component being recovered better, in agreement with the structure provided through the B matrix. First of all, it is noted that analysis errors for both wind and height elds decrease relatively little by a frequent update of assimilation with wind and height observations, respectively ( Fig. 10(a) and Fig. 11(b) and (c) ). The main error reduction due to the N. † ZAGAR et al. time integration occurs when going from one to two updates with the mass and wind observations, whereby information on the time tendency of the elds is provided. This particular feature is not affected by an increasing number of observations, a fact which points out the importance of the time dimension, as compared to the background term. The reduction of errors in Figs. 10(a) and 11(b) and (c) is mainly due to an increased number of observations; the elds are successfully recovered as the number of observations increases to about 1280, which is approximately 10% of the total amount of information needed.
The main difference between Figs. 10 and 11 concerns the recovery of the other eld, which is not supplied by observations. Like in the 3D-Var case, the assimilation of height observations is much less ef cient in restoring the wind eld than the wind observations in recovering the height eld. This means that the internal model dynamics cannot extract suf cient useful information about the wind eld from the time history of height data during a 12-h assimilation. In † ZGK this was shown for the case without a J b term; here, the same general behaviour is reproduced with J b included and with the error statistics known.
As the number of height observations increases, the frequency of updates becomes more relevant and the recovery of the wind eld through the time integration of the model equations is signi cantly improved (Fig. 10(b) and (c) ). For example, the meridional wind error reduction between experiments 1 and 12 for 640 height observations is over 40%. On the other hand, introducing eight times more height observations (5120 observational points) reduces the error by only 5% more. In other words, the propagation of covariances by the model dynamics extracts useful information about the wind eld from height observations. Furthermore, the temporal dimension can be even more ef cient than the information transfer by the background term from a larger number of observations. By comparing Fig. 10(b) and (c), it can also be seen that the increasing number of height observations brings a larger improvement to the zonal wind component than to the meridional wind component, the likely reason being a strong projection of height observations onto a Kelvin wave structure (the zonal wind component), just as in the previous 3D-Var experiment.
The described behaviour of a 12-h 4D-Var concerning the recovery of the wind eld from height observations can possibly be further improved by choosing another time window, more appropriate to the dynamical properties of the assimilated motion system. This will now be investigated by using a longer 4D-Var assimilation window.
(b) 48-hour assimilation window In the case of the assimilation of mass eld information, the most important difference from the 12-h assimilation is a less successful recovery of the height eld ( Fig. 12(a) ). This applies to all experiments with height observations, with results worse by up to 30% in the 48-h assimilation. Although it might intuitively seem an unexpected result, it does agree with the previous results in † ZGK, i.e. with adjustment theory in the tropics. The mass eld tends to adjust to the wind eld in the tropics; the longer the adjustment time, the better the height eld is balanced with the wind eld. Here, that wind eld is the one provided through the balance relationships built into the B matrix since very little mass eld information (potential energy) is transformed to the wind eld information (kinetic energy) through the internal model adjustment. Due to a longer adjustment, a larger portion of useful observational information is lost when only few updates with observations are supplied. By providing observations more frequently, the analysis solution regains a part of the height eld lost due to the adjustment to the wind eld provided by background covariance structures. On the other hand, it was found in † ZGK that extending the assimilation window has a major positive impact on the ability of height data to reconstruct the wind eld. The same general behaviour is present when appropriate background-error information is available, although the two wind components have a somewhat different response (Fig. 12(b) and (c) ). The error in the meridional wind is improved less than the error in the zonal wind eld. The largest improvement in the meridional wind eld is about 10%, when the number of observations is large and for the number of updates lower than six. It is the opposite for the zonal wind, where improvements up to 20% are obtained for more than six to eight updates and over a wider range of observations. As previously, this can be explained by the adjustment to the predominantly zonal structures of the background-error covariances.
Differences due to a longer assimilation window are smaller in the case of wind data ( gure not shown). Although a longer assimilation window has some negative impact on the assimilation of wind observations, it is less signi cant than for the height observations, by between 5 and 10% for one to three updates with data. A few updates with observations correct the negative impact. A positive impact of a longer 4D-Var with wind observations is clearly seen in the height eld. It increases as the number of observations increase, so that the assimilation of 640 wind eld data provided at four time steps reconstructs the complete height eld.
For both wind and height data assimilation, 4D-Var results are better than their 3D-Var counterparts, and the improvement over 3D-Var becomes larger as the number of updates with observations increases. Nevertheless, wind observations remain more ef cient than height observations in recovering smaller scales of the height eld. This is illustrated for 2560 mass and wind observations in Fig. 13 , to be compared with Fig. 9 . One of the reasons, related to the spectral characteristics of height and wind, is already seen in the 3D-Var assimilation of the same wave structure. Another reason is the internal model adjustment during 4D-Var which removes part of the useful height eld information. Still, there is a signi cant error in the wind eld when height observations are utilized; the amplitudes are notably reduced in comparison to the simulated truth and the error is larger in the meridional wind component (Fig. 13(a) ). This again indicates that, for this case, the reconstruction is mainly handled by the balance relationships built into B. The wind eld information, on the other hand, provides both the height and the wind eld structures (Fig. 13(b) ).
CONCLUSIONS
In this paper, a new static approximation to the background-error covariances in the tropics has been developed by using the normal modes of the linearized shallow-water model equations on the equatorial¯-plane. Broad observational evidence speaks in support of the theory of linear tropical waves, in particular those coupled to convection; it is justi ed, therefore, to attempt to apply their balance relationships to data assimilation.
The present attempt is con ned to a simpli ed modelling framework-the shallowwater equations. Although linearized 3D model equations may be viewed as a set of shallow-water models of varying equivalent depths, the shallow-water framework is an important limitation of the present study. The problem of how this approach could be implemented into a more realistic 3D model will be the subject of a separate study. Also, we have taken a somewhat restricted view in our evaluation of analysis quality in this study. We have simply compared the resulting model states with the simulated truth, in our case an identical twin model run. We have not investigated the possible impact on forecast quality. Furthermore, we have restricted ourselves to the dynamical aspects of data assimilation in the tropics. Convection processes introduce signi cant nonlinearity, not considered in the present study. The interaction between dynamics and the physical processes such as condensation, which act to slow down the tropical waves, is indirectly taken into account through the use of small equivalent depths.
Within the limits of this framework, single-observation experiments and OSSE were conducted to address the impact of various equatorial waves on tropical structure functions and the relative importance of information content of wind and mass observations and a priori information. The conclusions are:
1. Single-observation experiments illuminate the importance of Kelvin and MRG waves for the horizontal structure of analysis increments in the tropics, in agreement with some previous results (Parrish 1988; D93) . In particular, these waves have a major effect on the coupling between the mass and the wind elds near the equator. Compared with the case when only Rossby modes are present in the background-error covariance matrix, including Kelvin waves transfers the analysis increments in the height eld to the equator and greatly reduces the amplitude of a non-observed balanced eld. MRG waves effectively reduce the coupling between the meridional wind component and the height eld. As these special tropical modes constitute a signi cant portion of the tropical large-scale variability, it is important to give them an appropriate weight in the background-error statistics for NWP assimilation systems.
2. The most important result of this study concerns the superiority of wind observations in the tropics; both 3D-and 4D-Var assimilation experiments indicate that the wind eld information is of greater value than the mass eld information, in spite of the exact multivariate relationships available from the background information. In the present case, the wind eld data has provided almost suf cient information. Introducing the height and wind observations has produced a minor positive impact in the assimilation. However, it has to be remembered that this conclusion appertains to the dynamical processes; mass eld observations might be important for the initialization of those elds that determine the forcing of physical processes such as convection.
3. A ltering effect of the background-error covariance matrix on the analysis increments is seen in the slower error reduction for the meridional wind component than for the zonal wind component, when height observations are assimilated. This is considered as a consequence of the strong projection onto the Kelvin wave structure for height observations. 4. A second appealing feature of the assimilation of wind data is their better ability to reconstruct smaller-scale features of the height eld. This phenomenon is understood by the different spectral properties of the mass and the wind eld response in the assimilation, as explained by the application of Helmholtz's theorem in the derivation of the background-error statistics.
5. Lastly, the assimilation of mass eld information is more sensitive to the length of the assimilation window. Moving from 3D-Var to a 12-h 4D-Var improves the analysis results for both the wind and height observations. However, allowing for a longer internal adjustment process (48-instead of a 12-h window) results in a worse analysis for the observed variable. On the other hand, results for the non-observed variable are improved. The degradation of r.m.s. error is much more signi cant for the assimilation of mass eld information; this can be considered as a combined effect of the slow tropical adjustment process, as described in † ZGK, and the background-error covariances.
In addition, and in spite of a simpli ed framework, the results presented may have some implications for the design of future observing systems for NWP in tropical regions.
